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Abstract. We complete the study of the regularity for Trudinger's 
equation by proving that weak solutions are Holder continuous also in 
the singular case. The setting is that of a measure space with a doubling 
non-trivial Borel measure supporting a Poincare inequality. The proof 
uses the Harnack inequality and intrinsic scaling. 



1. Introduction 
The fine properties of non-negative weak solutions of the singular pde 

^^^^^ - V • (iVnr^Vn) = 0, l<p<2, (1.1) 

often referred to as Trudinger's equation, following his pioneering work in 
|16j . are the object of the present paper. The setting is that of a mea- 
sure space with a doubling non-trivial Borel measure supporting a Poincare 
inequality and comprises one of the main novelties in our approach. We 
show that weak solutions are locally Holder continuous, completing the ef- 
fort initiated in [10] and continued recently in |12j . with the analysis of the 
degenerate case p >2. Although there are some similarities with that case, 
the new material is substantial and the techniques employed quite different, 
which should come as no surprise to the expert in the field. The novice 
might find it appropriate and enlightening to first understand in [T2] how 
the proof runs for p >2. 

We have included the case p = 2 (that corresponds to the heat equation) in 
the range of variation of p to stress the fact that our proof is stable as p — ?> 2~ . 
This stability is achieved through a careful analysis of the dependence of the 
different constants that pop up along the proof of the Holder continuity of 
solutions. The result, although natural and to be expected, was hitherto 
absent from the literature and is interesting in its own right; it emphasizes 
the idea that our self-contained proof is the right one. 

The issues touched in here have been considered by Porzio and Vespri, 
Vespri and Ivanov, see [HI [181 [8], for equations that are formally equivalent 
to (jl.ip although it remains unclear whether they possess the same solu- 
tions. The relevance of studying equation (jl.ip in a measure space, apart 
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from the purely analytical issues it spikes, is related to Harnack inequalities. 
Grigor'yan and Saloff-Coste observed that the doubling property and the 
Poincare inequality are not only sufficient but also necessary conditions for 
the validity of a scale and location invariant parabolic Harnack principle 
for the heat equation on Riemannian manifolds, see [5l US] and [l^. Since 
(jl.ip seems to be the only nonlinear parabolic equation which admits such a 
Harnack inequality, it is the natural candidate for generalizing these results 
to nonlinear equations. 

The analysis of the Holder continuity of weak solutions is divided, as in 
the degenerate setting, into two cases: for large scales, when the infimum 
is much smaller than the oscillation, we can use the Harnack inequality of 
[lOj and the behaviour of solutions is similar to that of caloric functions. 
For small scales, the equation becomes essentially the singular p-Laplace 
equation treated in There are, nevertheless, many aspects that are new 

and far from trivial extensions of the known results, namely because of the 
general measure setting and the extra nonlinear term in the equation. The 
most relevant are the introduction of a new intrinsic scaling and the different 
choice of certain test functions, always a crucial aspect in the analysis of 
pdes. The paper is organized as follows: section 2 collects the basic results 
on metric spaces needed for our purposes and contains also the main result 
in the paper; section 3 includes the construction of the iteration argument 
and the building blocks of the proof, namely the energy and logarithmic 
estimates; sections 4 and 5 contain the analysis of the two cases the main 
proof is divided into. 

It is never easy to balance the clarity of exposition with avoiding the 
repetition of previously published material, in particular when the subject 
is very technical. We made an effort to render the paper as self-contained 
as possible, keeping it at the same time mostly original. When a duplica- 
tion of arguments was considered essential for the exposition, this has been 
expressly acknowledged. 



Let /i be a Borel measure and Q be an open set in M°'. The Sobolev space 
H^''P{^l;n) is defined to be the completion of C°°(r2) with respect to the 
Sobolev norm 



A function u belongs to the local Sobolev space Hi^^{n- /x) if it belongs 
to H^'P{n'; fi) for every Q' (s ft. Moreover, the Sobolev space with zero 
boundary values HQ'P{^l;fi) is defined as the completion of C^(r2) with 
respect to the Sobolev norm. For more properties of Sobolev spaces, see e.g. 



Let ti < 12- The parabolic Sobolev space LP{ti,t2; H^'P{Q; fj,)) is the 
space of functions u{x, t) such that, for almost every i, with ti <t < t2, the 
function u{-,t) belongs to H^'P{Q; fi) and 



2. Basics on metric spaces and main result 
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where we denote du = d^dt. 

The definition of the space Lf^^{ti,t2; hI^^{Q; fi)) is analogous. 

Definition 2.1. A function u € Lf^^{ti,t2', H^^{VL; /x)) is a weak solution of 
equation (jl.ip in 17 x (ti,t2) if it satisfies the integral equality 

' ^ Vu\P-'^Vu-V7]-uP~^^ du = Q (2.1) 

for every ry G C^{^ x (ti,t2))- 

Next, we recall a few definitions and results from analysis on metric mea- 
sure spaces. The measure // is doubling if there is a universal constant 
Do ^ 1 such that 

^l{B{x,2r))<Do^^{B{x,r)), 
for every B{x,2r) C 0,. Here 



B{x,r) := I 



y G M'' : \y - x\ < r 



denotes the standard open ball in with radius r and center x. In fact, 
the Euclidian metric does not play a crucial role in the arguments and could 
very well be replaced with another metric. The important feature is the 
behavior of the measure with respect to the metric. 

The dimension related to the doubling measure is = log2 Dq. Observe 
that for the Lebesgue measure this is dc = d. Let 0<r<i?<oo. A simple 
iteration of the doubling condition implies that 

fiiB{x,R)) ^^(RV' 



fi{B{x, r)) V / 

We further assume that the measure /i satisfies the following annular 
decay property. There exist constants < a < 1 and c > 1 such that 

fiiB{x, r) \ B{x, (1 - 6)r)) < c5";u(5(x, r)), (2.2) 

for ah B{x, r) C ft and < 5 < 1, see [T|. 

The measure is said to support a weak ((/,p)-Poincare inequality if there 
exist constants Pq > and r > 1 such that 

(-[ \u - us^^^r^l" df}\ <Por(-f \Vu\Pdf)\ , (2.3) 

yB{x,r) J yB{x,Tr) J 

for every u G H^^{VL; ^) and B{x,Tr) C il. Here, we denote 



UBix,r) = / Udfl = ——^ r- / 

JB(x,r) f^{B{x,r)) Jb^ 



u dfj,. 

lB{x,r) H'y^V-^, '')) JB{x,r) 

The word weak refers to the constant r, that may be strictly greater than 
one. In with a doubling measure, the weak (g, p)-Poincare inequality with 
some r > 1 implies the (g,p)-Poincare inequality with r = 1, see Theorem 
3.4 in [6]. Hence, we may assume that r = 1. 

We will assume that the measure supports a weak (l,p)-Poincare inequal- 
ity. On the other hand, the weak (l,p)-Poincare inequality and the doubling 
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condition imply a weak (/t, p)-Sobolev-Poincare inequality with 

^<P<d,, ,,,, 
df,-p (2.4) 

where is as above. For the proof, we refer to [6]. 

For Sobolev functions with zero boundary values, we have the following 
version of Sobolev's inequality. Suppose that u € HQ'^{B{x,r); //). Then 

(-[ \u\''df}\ <Cr(-f \Vu\Pdf}\ . (2.5) 

\JB{x,r) J \JB{x,r) J 

For the proof we refer, for example, to pjj. Moreover, by a recent result 
in [9], the weak (l,p)-Poincare inequality and the doubling condition also 
imply the (1, g)-Poincare inequality for some q < p. Consequently, we also 
have the weak (k, g')-Sobolev-Poincare inequality which implies, by Holder's 
inequality, the {q, g)-Poincare inequality for some q < p. 

In the sequel, we shall refer to data as the set of a priori constants p, d, 
Dq, and Pq. 

We can also include a certain kind of test functions in the Poincare in- 
equality. We recall the following theorem from 



Theorem 2.2. Suppose u € H^'^{B{x,r); fi) and let 

(2-d(y,n\B(x,r)) ] , , 

r/(y)=min| (2.6) 

Then there exists a constant C = C{p, Dq, Pq) > such that 
lu-M^IV^/^l <Cr{J- \Vu\fr]Pdfx 

\JB(x,r 



where 



B{x,r) j \JB(x,r) 

lBix,r) ^V^d^l 



" lB(x,r)VPd^l' 

Proof. See Theorem 5.3.4. in |14] . □ 

We use this theorem in the form of the following corollary. 

Corollary 2.3. Suppose u G H^''P{B{x,r); fi) and let rj be as in (|2.6p . As- 
sume further that 



rf dfj, < J rf dfj,, 

J A J B(x,r) 



' B{x,r) 

for some < 7 < 1, where A = {y ^ B{x,r) : \u{y)\ > 0}. Then there 
exists a constant C = C{p, Do, Poj^) > such that 

(l \u\Pr^Pd^^ <Cr{l \Vu\Pr]Pdij\ . 

\J B{x,r) J \JB(x,r) J 
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Proof. By the Minkowski inequality and the previous lemma, we get 

r \ Vp 

j- \u\PriPdfi 



(J^ \u - u^l^TjP df?j ^'^ + |n^| V di^^ (2.7) 



< 



<Cr(-f \Vu\Pr]Pdfi) + , M 1/ • 

Here we have denoted B = B{x,r). Using Holder's inequality, we estimate 
further 



1 



fiiBy/P 



\u\7]^ d^ < 



B 



J rfdi^ ^ {J \u\Prfd^i 



On the other hand, we have 

!a 



< 7 < 1. 



Ib dfi 

Inserting these estimates in (|2.7p and absorbing the resulting term to the 
left hand side finishes the proof. □ 

We will also need the following general result. 

Lemma 2.4. Let v be a weak solution of equation 

vt — div A{x, t, V, Vv) = 0, 

where the Caratheodory function A satisfies the structure conditions 

A{x,t,v,i])-ri>Ao\r]\P, (2.8) 

A{x,t,v,rj) <Ai\vr\ (2.9) 

for almost every {x,t) S M" x M and every {v,t]) E M x M", for some 
constants Aq, > 0. Then, for all A; € M, the truncated functions {v — k)- 
are weak subsolutions of the same equation with A{x, t, v, Vv) replaced by 
-A{x,t,k- {v - A;)_, -V{v - fc)_). 

Proof. See Lemma 1.1 in [2J. □ 

Our main result is the following theorem. It still holds for equations with a 
more general principal part A, satisfying the standard structure assumptions 
(|^ and (1^ . 

Theorem 2.5. Let 1 < p < 2 and assume that the measure /j, is doubling, 
supports a weak {l,p)-Poincare inequality and satisfies the annular decay 
property. Then any non-negative weak solution of equation (jl.ip is locally 
Holder continuous. 

Let {xo,to) be a point in the space-time domain. The cylinder of radius 
r > and height s > 0, with vertex at {xQ,to), is defined as 

Qxo,to{s,r) := B{xQ,r) x (to - s,io)- 
We write Q{s,r) to denote Qo,o{s,r). Moreover, we shall use the notation 
^Qxo,to('5,'r) = Qxo,to{^'^^^^'^) and 5B{xQ,r) = B{xQ,5r). 
Recall Harnack's inequality from |10j . 
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Theorem 2.6. Let 1 < p < oo and suppose that the measure fi is doubling 
and supports a weak {l,p)-Poincare inequality. Moreover, let u > be a 
weak solution to (jl.ip in Qx,t{'^r'P ,2r). Then, for any a E (0, 1), there exists 
a constant H = H{p, d, Dq, PQ,a) > 2 such that 

ess sup u < H essinf u. (2-10) 

B{x,r) X (t-rP ,t-arP) B(x,r) X (t- {a/2)rP ,t) 

In particular, the result shows that the weak solutions of equation (jl.ip 
are locally bounded. In the sequel, we will assume this without further 
comments. 

3. Iteration argument and fundamental estimates 

Let ti be a non- negative weak solution of equation in x (ti, t2) and 
let X C n X (ii, ^2)- Our aim is to show that the oscillation of u around any 
point in K reduces in a quantitative way as we suitably decrease the size of 
the set where the oscillation is measured. This reduction process has to be 
iterated producing a sequence of cylinders. 

For all purposes in the sequel, it is enough to study the cylinder 

qO := Q(i?P,i?), i?>0, 

instead of the set K. Indeed, we could build the sequence of suitable cylin- 
ders for any point in K but, since we can always translate the equation, we 
can, without loss of generality, restrict the study to the origin. 
Let 

/Uq < essinf n and /^t > ess sup 

and define 

^0 := ^o" ~ ^o"- 

We may assume that cjq > 0, because otherwise there is nothing to prove. 
Furthermore, we choose /Xq small enough so that 

{2H + l)^x^<UQ (3.1) 

holds, where H is the constant from Theorem 12.61 We will construct a 
nondecr easing sequence {/i^} and a nonincr easing sequence {/x^} such that 

:= yif - = a'ujQ, z = 0, 1, . . . 

for some 3/4 < o" < 1. Moreover, these sequences can be chosen so that 

//~<essinfu and nf > esssupu, (3-2) 

for some suitable sequence {Q^} of cylinders. Consequently, 

essoscn < Wj. 

The cylinders here will be chosen so that their size decreases in a controllable 
way from which we will deduce the Holder continuity. The actual proof will 
proceed inductively. We will assume that in the two-sided bound (j3.2p 
holds. Then we shall verify an alternative (Cases I and II below), and 
construct the cylinder Q*^^ accordingly, in such a way that (|3.2p holds with 
i replaced with i + 1. 
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For 6 > 0, sufficiently small, let 

Ri = S'R, i = 0, 1,.... (3.3) 

The construction goes as follows: 

(1) for each Q*, choose the numbers fif^ so that (|3.2|) holds; 

(2) if fj,f satisfy 

Case I: {2H + < Ui = /if - fi' , (3.4) 
then set inductively 

Q^+i = Q{RP^^,R,^^) = Q{{5Ri)P,6Ri) =: 6Q'; 

(3) if, on the other hand, (j3.4p fails for some io > (note that iq must 
be larger than zero by (j3.ip ). i.e., if 

Case II: {2H + l)fir > ^ /i+ < i2H + 2)/.", (3.5) 

then set inductively, for all i > io, 

Q*+i = Q{R^_^_^,CiRi+i), Ci = const ■ 

By construction, if 5 G (0, 1/2) is small enough, then Q'"*"^ C Q*, a fact 
we will later prove in detail. Observe also that the above sequences have 
been chosen so that 

lit < /X+ < {2H + 2)^,r < (2H + 2)/xr, 

for all i > iQ. 

As mentioned before, Case I reflects the behavior of the equation when 
the oscillation is large compared to the infimum of u. In some sense, the 
equation resembles the standard heat equation in this case. Case II, on the 
other hand, deals with the situation in which the equation behaves like an 
evolutionary p-Laplace equation with coefficients. 

3.1. Energy estimates. We start the proof of Theorem [231 bv proving the 
usual energy estimates in a slightly modified setting, which overcomes the 
problem that we cannot add constants to solutions, see [3l[8] and [19]. 
We introduce the auxiliary function 



J{{u-k)±) = ± / (^y(P'^)-k) 

= ±{p-i) {^-k)^e-'dc 

Jk 

r{u-k)± 

= (p-l) / (A:±e)^-2e(ie 
Jo 



for which 



_ J((n-A:)±) = ± A^(n-fc)±. (3.6) 
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In the sequel, we will need the following estimates. For 1 < p < 2, we have 

Jo 

<{p- / (3.7) 



and 



2 



Ji{u-k)+)>{p-l)uP-^ I CdC 





> (p - l)uP 

On the other hand, we also obtain 



(3.8) 



Jo 



Mu—k) — 

< (p- l)nP-2 / (3.9) 



<(p-l)n-^^^ 



and 



2 



J((n-A:)_) > (p - l)F-2 / ^" ^ 







>(P-1)F-^"-')- 



(3.10) 



2 

We are now ready for the fundamental energy estimate. The details of 
the proof can be found in [12j. 

Lemma 3.1. Let u > be a weak solution of (jl.ip and let k > 0. Then 
there exists a constant C = C{p) > such that 

ess sup / J{{u—k)±)(p^ dfi + / / \V{u—k)±ip\''' du 
ti<t<t2 Jn Jti Jn 



< 



C r f {u-k)l\V^fdu + cf' [ J{{n-k)±)ipP-' (^) dv, 
Jti Jn Jti Jn \c>t J 



for every nonnegative (p G C^{^} x (ti,t2)). 

Proof. Choose the test function rj = ziz{u—k)±ipP in ()2.ip . modulo suitable 
regularization in the time direction, and use ()3.6p for the parabolic term. 
The rest of the proof is standard, see [T^. □ 

By the formal substitution v = n^"^, equation (jl.ip transforms into 

vt - cdiv{v^"P\Vv\P-^Vv) = 0, (3.11) 

where c = l/{p— 1)p~^. In the second part of the paper, where we prove the 
reduction of the oscillation for Case II, we are going to use this transformed 
equation instead of the original one. 
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The weak solutions of (j3.1ip are defined in a similar fashion as for equa- 
tion (jl.ip . However, it is not clear whether the weak solutions of the two 
equations are the same in general. Nevertheless, under appropriate assump- 
tions, the substitution can be justified; that is the contents of the following 
lemma. 

Lemma 3.2. Let < A~ < n < and v = u^~^, 1 < p < oo. Then u 
is a weak solution of equation (jl.ip if, and only if, v is a weak solution of 
equation (|3.1ip . 

Proof. Since /(x) = x'^"^ , p > 1, is Lipschitz in [A^, by the chain rule 
we have 

Vn = ^L^;(2-P)/(P-I)v^. (3.12) 
p — 1 

Thus 

|Vn[P-2v-u = l^^;2-P|v^;|P-2Vt;. 

' ' {p- l)p-l ' ' 

This implies that formally the equations are equivalent. It remains to show 
that the function spaces where the solutions are defined are the same. But 
now, since v is bounded above and below by a positive number, by (|3.12p 
we have Vn G if and only if Vv G U*. This concludes the proof. □ 

We have the following energy estimate for equation (jS.lip . 

Lemma 3.3. Let < ^ v < he a weak solution of (jS.lip and let 

A: > 0. Then there exists a constant C = C{p) > such that 

(T+f-^esssup / {v - k)lipP d^l + / \V{v - k)±ip\P dv 
ti<t<t2 Jn Jti Jn 

< C J^{v - k)'i\Vv\^di. + CiT-f-' j'^' J^{v - k)l^-' du, 
for every nonnegative ip G Cq^{Q x (ti,t2))- 

Proof. The claim follows by choosing as test function rj = ziz{v — k)±ifP in the 
definition of weak solution and by estimating w^^p by (T~)^~p and (T"'")^~p. 
Otherwise, the proof is standard and the details are left to the reader. □ 

We denote 

The following logarithmic lemma will be used to forward information in 
time. The proof is somehow formal since it involves the time derivative of 
V. A rigorous justification requires the use of Steklov averages in the spirit 
of [21 p. 101-102] (see also [E]). 



< / ^Pi{v){x,tl)ipP{x)d^x 
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Lemma 3.4. Let v > be a weak solution of equation (|3.11|) . Then there 
exists a constant C = C{p) > such that, for 1 < p <2, we have 

ti<t<t2 Jn 

n 

+ C r f v''-P^lj±{v)\{ij±)' {v)\^-^\V^\^ du. 
Jti Jn 

Above, if € Cg°(ri) is any nonnegative time-independent test function. 
Proof. Choose 

r]±iv) = ^ii^liv))^^ 
in the definition of weak solution and observe that 

(V'|)" = 2(1 + V±)(V'±)'. (3.13) 
The parabolic term will take the form 

1 *^ 

^liv)ipPd^l . 

Un hi 

Here we used the fact that if is time-independent. 

On the other hand, by using (jS.lSp together with Young's inequality, we 
obtain 

v'^-P\Vv\P-^Vv ■ Vt]± = v^-f\Vv\P-^Vv ■ W{{tPi{v))Y) 

> v^-P{2\Vv\P{l + V'±)(V'±)V^ - 2p\Vv\P-^'il;±i;'^(pP-^\V(p\) 

> v^-P {\Vv\P{iP'^fipP - CiP±{7p'^f-P\Vip\P) , 

almost everywhere, from which the claim follows. □ 

We will use the following notation in the next lemma, which is one of the 
most crucial parts of the argument. Let 

= ^ + Qt = BnX Tt = B(x,7fr0 X {t* - ^frP,,t*) 

for n = 0, 1, . . . , where 7^*^ and 7^ are constants. 

Lemma 3.5. Suppose u > is a weak solution of equation (jl.ip in , and 

let fif be positive numbers such that 

IJL~ < essinf u < ess sup u < , — =: oJi. 



Let 

= /".^T^fl + ^), n = 0,l,... 
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for < < 1. In the minus case, assume further that 

e-oj, < Cofir (3.14) 

for all n = 0, 1, ... , for some Co > 0. Then there are positive constants 
C- = C-{Dq, Pq,Co,p) and C+ = C-^{Do, Pq,p) such that if Qq C Q*, then 

for every n = 0, 1, . . . . Here 

At = {{x,t) G Qt : ±u{x,t) > ±kt} , 
K is the Sobolev exponent as in (j2.4p . and 



1 



for all n = 0,1, ... . 

Proof. Choose cutoff functions (f^ G C°°{Qt), vanishing on the parabohc 
boundary of Q^, and such that < 93,^ < 1, 93,^ = 1 in Q^+n 

IVrflS^ ana (M) ,9^^ (3,5) 

Denote in short 

Un = {u-kn)±, K = kt, e = e±, 71 = 7^ , 72 = 7^ 

and 

Qn = Bn X = Q^, An = A^ , <fn = • 

By Holder's inequahty, together with the Sobolev inequality ()2.5p . we 
obtain 



r ^2{i-p/«)+p^^ 

■u{Q 



n+l)jQ„ 



<C/ U ^X^^^d/. / {UnifnTdfl] dt 

<C{^t)Prp(esssnp-[ ulipP^df,) I \^ {unH^n)? dv. 

\ Tn J Bn / .J Qn 

Here, we applied the doubling property of the measure v, giving 

v{Qn+l) ~ 

We continue by studying the term involving the essential supremum. 
Since e+ < 1, we have 
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and hence we obtain, using (j3.8p . 

p — 1 

On the other hand, the lower bound ()3.10p immediately gives 

(n - k-t < -^(Kf-'Jiin - k-U. 
p — \ 

Using these estimates together with the energy estimate of LemmaETTl yields 

Furthermore, estimates ()3.7p and ()3.9p . together with ()3.14p . imply 

J{{u-kt)+) < C{k+r-\u-kt)l, J{{u-k-).) < C{k-f-\u-k~f_. 
Next, using ()3.15p . we arrive at 

(<i^»'"i''+-^("")^."'(^) 

where the last inequality follows from the fact that [u—kn)± < £±^i almost 
everywhere. Thus, we conclude with 

ess^sup£ ul^^ df, < Cr^ieu^.f (^)''' + (3.18) 

Furthermore, since 

/ \V{Un^nWdu<C-[ \VUn\''vldu + cj ul\V^nTdv, 

^Qn ^Qn ^Qn 

applying again the energy estimate and (j3.17p leads to 

7f / euji\'^~^\ u{An) 



Jq, 



l2\knj / ^iQr. 



< C2" (s..r 2l (2^)^-% (3.19) 



To finish the proof, note first that 

>2-(«+3)£^^.. 
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It then follows that 



/ 

JQ 



u: 

n + l 



T-^/^^^^d. > (2-^-^%..?''-'^''-'' (3.20) 



Inserting estimates (j3.18p , (|3.19|) and (|3.2U|) into (j3.16p concludes the proof. 

□ 

We now obtain an important corollary of the previous result, using the 
following "lemma on fast geometric convergence" (cf. [2]). 

Lemma 3.6. Let (1^)™ be a sequence of positive numbers satisfying 

where C, 6 > 1 and a > 0. Then {Yn)n converges to zero as n oo provided 

Corollary 3.7. Under the assumptions of Lemma \ cl.5\ and the additional 
condition 

l<(2^(^)'-%., (3.21) 

for some constant c > 1 and for all n > 0, there exits a constant oq, 
depending only on the data, c, and, in the minus case, also on Cq, such that 

=^ ±n(x,t)<±/.±-^, (3.22) 

for almost every {x,t) € B{x,j^r/2) x {t* - jf{r/2)P,t*). 
Proof. By setting 

we find, by ()3.2ip and Lemma 13.51 that 

in+l S <-^± In ) 

for some constant C±, depending only on the data, c, and, in the minus 
case, also on Cq. Putting 

^± _ ^-1/(1-p/k)+1-{1-p/k)2 
"0 ~ ^± ' 

we conclude, using Lemma ESI that if the left-hand side of (|3.22p holds then 
y„ — >■ 0, as n ^ oo; the result follows. □ 

Remark 3.8. Lemma [3. 5 1 and Corollarv 13. 71 were proved for weak solutions of 
equation (jl.ip . However, essentially the same proof also works for the weak 
solutions of equation (|3.1ip since it only uses the energy estimate. Actually, 
in this case, we do not need to assume ()3.14p in Lemma 13.51 
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4. Analysis of case I 



In this section, we assume that (j3.4p holds for an index i. Our aim is to 
show that the measures of certain distribution sets tend to zero and that the 
local Holder continuity follows from this. Most of the proofs in this section 
are similar to the corresponding ones in J2] but we include them here for 
the sake of completeness. 

We start by studying the cylinder Q* = Q{R^,Ri). Since the leading 
assumption in Case I is {2H + < uJi, we have that ^~ < Wj, which 

implies the second inequality in uji < fif < 2uji (the first one is trivial). For 
7^*" = 1,7^ = 1 and e+ = 1, ()3.2ip is then satisfied, for a constant c depend- 
ing only on p, and we choose Oq = a,|(dota) € (0,1) from Corollarv 13.71 
accordingly. 

After fixing Uq € (0,1), we choose H = H{aQ,data) = H{data) > 2, 
according to the Harnack inequality in Theorem 12.61 such that 

ess sup u<H ess inf u (4-1) 

B{0,r)x{~rP-a+rP) Q((aJ /2)»-P,r) 

for all < r < Ri. In fact, strictly speaking, this only holds for < r < Ri/2 
but since we could have started with the radius 2R it does not carry any 
loss of generality. This choice fixes the constant H in ()3.4p as well; observe 
carefully that it is independent of r and fif, or the index i in general. 

We will study two different alternatives which are considered in the fol- 
lowing two lemmata, respectively. 

Lemma 4.1. Let u > be a weak solution of equation (jl.ip in satisfy- 
ing diH). // 

i^(^{{x,t)eB{0,R,)x{-Rl-a+RP) : n(x, t) > /^r + ^||) = (4.2) 
then 

3 

essoscii < -uji. 



Proof. With Q+ = Q\ and observing that + ^ = ^^j - ^ = 



' 



as- 



sumption (|4.2p immediately gives 

By the choices preceding the statement of the lemma, it follows from Corol- 
lary 13.71 that 

ess sup u < —coi/4. 



Since 



ess inf u > ess inf u > u- , 



the result follows. □ 



Next, we study the alternative. 
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Lemma 4.2. Let u > be a weak solution of equation (jl.ip in satisfy- 
ing (m. // 



€B(0,i?,) X (-i?P,-a+iif) >/ir + ^^}) >0 (4.3) 

then there exists a constant aj = ai{data) G (3/4, 1) such that 

essosc u < aibJi. 

(aJ/2)Q' 

Proof. By assumption ()4.3p . we have 

ess sup u > fJ-i ~^ TT- 

Now we can use Harnack's inequality ()4.ip . together with assumption ([37 
to deduce 

ess inf u > ess inf u 

ia+/2)Q' Q{{a+ /2)RlR,) 

1 

> — ess sup u 

^ B(0,i?„)x(-flf -a+fif) 

> ^ + 

> /ir + o ^ 1 L 

- ^' 2H + 1 2H 

>R; + 



Since 



we obtain 



with 



2H{2H + 1) 



ess sup u < ess sup u < ^'y , 

(a+/2)Q« 



essosc n < - = (^i^u 

(a+/2)Q« 2iJ (2ii + 1) 



This completes the proof. □ 

As a consequence of the above two lemmata, we obtain the concluding 
result of this section. 

Corollary 4.3. Suppose that ([32]) holds in = Q(i?f , Ri) and that ([33]) 
is satisfied. Then there are constants aj,6i € (0, 1), both depending only on 
the data, such that 

essosc u < cFjuji. (4.4) 

Q{{SiR,)p,SiR,) 

We are now in a position of proceeding with the iteration. We put 

Q'+' =Q{{6iRir,6iRi) 
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and observe that, due to (j4.4p . as we go from to Q*"*"^, the oscillation 
decreases in a quantitative way. Moreover, we can define, in the case of the 
first alternative, 

^^t+l = l^t - and fj.-^^ = fj.-, 

and, in the case of the second alternative, 

f^U = f^t and /.r^, = /x" + ^^^^-^ 
and so (|3.2p holds with i replaced with i + 1. 

5. Analysis of case II 

In this section, we will work with equation ()3.1ip and the corresponding 
solution V = Due to assumption ()3.5p of this case, the equation 

behaves like the evolutionary p-Laplace equation. The difficulty is that we 
can no longer use the Harnack principle, as the lower bound it gives might 
be trivial. Indeed, the infimum can be larger than the lower bound given by 
Harnack's inequality. 

Suppose that io is the first index for which assumption (|3.5p holds, im- 
mediately implying an elliptic Harnack estimate for all i > iq: 

/i+ < f^z = + /^ro < (2^ + 2)/^ro < (2^ + 2)^r- (s-i) 

Observe also that 



{2H + 1) 

^ l^io-l + (1 - '^)^^Q-l 

since = aoji^^i, H >2, and a E (3/4, 1). Thus, we obtain 

l<^%<2i/ + l. (5.2) 

Our goal in Case II is to show that for the function v = u^~^ we have 
essinft; > {^'^Y^^ =: p.^ , esssupt; < {fJ-fT^'^ =■ fit 



and 



Qi 



essjDsct; < fJ.^ — fJ-i = := cr* ^^oji^. 



Qi 

for i = io, io + 1, • • •, with some a € (0, 1). Note also that it follows from (jS.ip 
that 

fit < Cifi-, (5.3) 
for some Ci = Ci{H) = Ci{data) > 1 and for all i > iq. We shall show that 
an oscillation reduction for i! implies an oscillation reduction also for u in a 
quantitative way. 

While analyzing Case II, we shall consider cylinders of the type 



2^fil 
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where A > shall be specified later, depending only on the data. By (j5.2p 
and (15.11). we have 



for some constant C2 > 1 depending only on the data. We now set 

1 / (p-2)/p 

i.e., shrink the cylinder (5*° by a factor depending on A and the data. We 
therefore have that 8Q (rf^, CjQrjp) C and, in particular, the essential 
extremal values and oscillations of both u and v in 8Q [rf^, Ci^Vig) are con- 
trolled by the quantities fif^ and respectively. Furthermore, observing 
that 

where the constant C3 > 1 depends only on the data, we have that 

Q{rP, Q+ir) C QiC^-^rP, aCf-^^l^r) (5.4) 

for all r > 0. Moreover, since p < 2, we have, applying the mean value 
theorem to /(x) = x^~^ in the interval [z^^^, 

and therefore 

^ ^ip ^ ^iQ ^ 2ff + 1 

2^fl- - 2^/2- - 2Vro " 2^ 
holds. Thus, by assuming 

2^>2F + 1, (5.5) 

we obtain that 

^'^ ^'^>1. (5.6) 



Henceforth, we shall always assume (j5.5p . 



We are now ready to start the argument in Case II. Assume that in Q*, 
i > io, we have 

ess inf f > u~ , ess sup v < of , af — = uji . 

The goal is to show that this information guarantees the existence of small 
enough 5 G (0, 1/2) and a € (0, 1), the latter close to one, both depending 
only on the data, such that 

ess inf v>jlZ:,, ess sup v<af,,, 

and 

This will then lead to establishing the induction step in the proof of the 
Holder continuity. 
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For the sake of simplicity in the notation, we will drop the bars from the 
quantities fl~ , flf and Wj throughout this section. Although they coincide 
with the ones for equation (jl.ip . we believe that this does not cause any 
confusion due to the fact that within Case II we work exclusively with equa- 
tion ()3.1ip . In the end, we translate the information back to u. We shall 
also denote in short 

^:=!io =lfc722^V''~'^^''i?,o if ^ = ^0; r:=^ if i>io. 

10 80 V ^ ; »o u, u 

Observe that then 10(5(r^', Cjr) C if z = and 10Q(rP,Q_ir) C for 
all i > iQ. We now redefine the Cj's, putting 

c'ig = Ci^; c- = Ci_i if i > io, 

and drop the prime in the notation. 

Inside Q {r^^Cir), we consider subcylinders of smaller size 

p-2 

Qxfl (r-P, dir) , di = ( ) ' , < s < A, 

which are contained in Q (rP,2cir) whenever x is a point in B(0,Cir). The 
number s will be fixed later, depending only on the data. 

The reduction of the oscillation in Case II is based on the analysis of an 
alternative, see [2] and [T7]. For a constant oq G (0,1), that will be deter- 
mined depending only on the data, either 

The First Alternative. There exists a cylinder of the type Qx,o [r^, dir) 
for which 

u {{{x,t) e Q^fiirP,dir) : v{x,t) < fi- +uji/2}) 

.(QKd.r)) ^ "° ('-^^ 

for some x £ B(0, Cir), or 

The Second Alternative. For every cylinder of the type Qx,o (f^, dir), 
iy{{{x,t) G Qxfiir'',dir) : v{x,t) < /i," +a;i/2}) 



i/(Q {rP,dir)) 

holds for all x £ B{0, Cir). 



> oo (5.8) 



In both cases, we will prove that the essential oscillation of v within a 
smaller cylinder decreases in a way that can be quantitatively measured. The 
parameters A and s will be needed while analyzing the second alternative. 
The constant oq will be fixed in the course of the proof of Proposition 15.41 

5.1. Analysis of the First Alternative. Now we assume that the as- 
sumption of the first alternative is satisfied, which claims that there exists 
a cylinder of the type Qs.o {^^^ d^r) for which ()5.7p holds. We put 

p-2 

f ijJi \ P c , E-UJi ( 1 \ 
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and observe that, by (j5.3p . we have 



We may then apply Corollary 13.71 with c = (see also Remark 13. 8p and 

find a sufficiently small ao, depending only on the data, such that 

v{x, t) > + 2-^^-20;^, for a.e. {x, t) G Qs,o ((r/2f , dir/2) . (5.9) 

This step fixes qq in ()5.7p and ()5.8p . and from now on we regard it as a 
universal constant depending only on the data. 

We view Qx,o ((r/2)^ , dir/2) as a cylinder inside Q (r^, 2cjr). The location 
of X in the ball B{0,Cir) is only known qualitatively. However, we shall 
show that the positivity of v, as stated in ()5.9p . spreads over the full ball 
5(0, Cjr), for all times — (r/8)^ < t < 0. We regard x as the center of 
a larger ball B{x,8cir), which is still contained in i?(0, lOcjri), and work 
within the cylinder 

Qs,o{{r/2)P,8cir)cQ\ 

Now we will derive some integral inequalities, which will be used later 
on, doing the calculations only at a formal level. In particular, the time 
derivative of v will appear in the sequel and we even assume some continuity 
properties. For a rigorous justification of the arguments, namely the use of 
Steklov averages, we refer to fSJ p. 101-102] (see also [12]). 

Denoting 

A{x, t, V, S/v) = cv^-P \S/v\P'^ S/v, 
where c = ^p_-^^\p-i) , we write equation (j3.1ip in the general form 

vt-diYA{x,t,v,Vv) = 0. (5.10) 

Since v'^~p is bounded from below and from above by the nonzero constants 
(a*o)^~^ and respectively, A{x,t,v,'Vv) satisfies conditions (j2.8p 

and (gSI) with = (^o)^"^ and Ai = (^o)^~^- Hence, by Lemma EH 
we have that, for all k £ M, the truncated functions {v — k)- are weak 
subsolutions of equation (|5.10p . with A{x, t, v, Vv) replaced by —A{x, t,k — 
{v — k)-, — V(u — A:)-). Since 

-A{x, t,k-{v- k)-, -V{v - A;)_) = cv^-P \V{v - k)^\P-^ V{v - k)_, 

we obtain 

dt{v — k)-r] dfj. 



B(x,8c,r) 

' (5.11) 

+ c / v^-P\V{v-k)-\P~^Viv-k)--Vr]dfi<0, 

B{x,8cir) 

for all (admissible) test functions r/ > and for all t € (— {r/2)P ,0). 

We now let 6 e (0,2-('*+2)) (this 6 is unrelated to the one defining the 
sequence of radii and introduced in (j3.3p : we use the same notation as. 
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hereafter, there is no cause for misunderstanding) and set 

(v-kn)- 



^niv)= I — ^ — Y, kn = fJ'i +5"a;i 





and 

Let ip{x,t) = ipi{x)^p2{t), where ^pi{x) is as in (|2.6|) . with B{x,r) replaced by 
B{x,8cir), and ip2it) € [0,1] is a smooth function vanishing at {— {r/2)^} 
and such that 99 = 1 in [— (r/4)^ , 0]. Moreover, we assume that 99 satisfies 

0<(^<1, |V^i|<— and 0<((^2)i<4- 

Qr rP 

The next lemma guarantees bounds for and 

Lemma 5.1. There exists a constant C, that can be determined a priori 
only in terms of the data and X, such that 

— f ^n{v{x,t))tfP{x,t)d^l{x) 
2— p / \ 2— p (^*-^^) 

+ 7^^t ^l{v{x,t))^[x,t)d^,{x) l^Clnl-"" 



6 rP 



Proof. Denote in short B = B{x,8cir). We also drop the arguments x and 
t from the integrals. Substitute the test function 



^P 



[{l+6){kn- ^Ii)-{V-K)-Y ' 

in (|5.11|) . with k = kn = fJ-^ + 5^uji. To start with, we estimate 



IP-I 



[il + 5){kr,-lxT)-(\' 

^ {(1 + Sf-^ikn - f^r f-^ - ((1 + 5){kn - fii) -{V- kn)-?-''] 



2-p 
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since 6 G (0,1/2). Now, using this, together with the properties of ip, we 
can estimate the first term in (jS.lip by 



+ dt{v - kn)-r]dfj. = f dt^n{v)f^ dfj, 
Jb Jb 



1 \ 2-p 
1 \ 



> -tA '^n{v)v' dfi -C In {- ^ 



5 J rP 



For the second term, using Young's inequality and the fact that /i- < v < 
jif , we obtain 

/ f^-P I V(t; - K)^ 1^"^ V(t; - K)- ■ Vrj 
Jb 

= pi v'-^ ( ^ 1 

Jb \{l + 6){K-fi-)-{v-kn)-J 

X \S/{v - kn)-f'^ V{v -kn)-- Vif dn 

+ {p-i)fv p — - — -— ^d^l 

Jb \{l + d){kn - Hi ) - [v - kn)-/ 
^ Jb + d){kn - ) - (v - kn)^/ 

-c-fif^tf-n^^rdt^. 

Jb 

Recalhng the definition of we have 

^ ' {l + 5){kn-^i-)-{v-kn)- 

By this fact, together with the conditions on (p and ()5.3p . we obtain 

^v'^-P\V{v-kn)-\^~'^V{v-kn)-■V7]d^l 

Jb 



2-p 



rP 



Observe here that (/i,")^"P/cf = 2~^(2-p)^2 p ^ ^2 p_ Altogether, we fi- 
nally get 



< Cln 



2-p (5.13) 



6 J rP ' 

where C depends only on the data. 

Next, it follows from ()5.9p that ^ni'ij) vanishes for all |x — x| < dir/2, 
for kn < i-i^ + 2~^^^'^^u}i. On the other hand, (fi=l for all such x. Let us 
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denote A := {x e B : |^'„(t;(j;, > 0}. Now 
fidfi > fi{B(x,dir/2)) 

C2[(2-p)(A-s)/p+4].,^ - ^ X ^1 

where C > 1 depends on the data and A. Therefore, for all t € (— (r/2)P, 0), 

(Pid/j, = / if^d^ — ifidfi 
Jb JA'^nB 



A'^nB 

> 



I. 



< ( 1 - ^ j 1^ "Pidf^ Jb 



for 7 G (0, 1), depending only on the data and A. So we may apply Corol- 
lary [2]3] to obtain 

/ \V^n{v)f^Pd^ > ^l{v)^'d^i, 

Jb C[Cir)PjB 
where C is a constant depending only on the data and A. Inserting this 
into ()5.13p finishes the proof. □ 

Introduce the quantities 

Yn = sup + (fP{x,t) diJL{x), n = 0,1,2,.... 

-{r /2)P<t<oJ B(x,8cir)n[v{x,t)<kn] 

In the next proposition we employ the previous lemma. 

Proposition 5.2. The number a € (0, 1) being fixed, we can find numbers 
6, a £ (0, 1), depending only upon the data, a, and X, such that for n = 
0, 1, 2, ... , either 

Yn<a 

or 

Yn+i < max{a;cry„} • 

Proof. From the definition of Yn it follows that, for every e € (0, 1), there 
exists tQ £ (— (r/2)^,0) such that 

/ ^P{x, to) dfxix) > Yn+l - €. (5.14) 

We have again denoted in short B = B{x,8cir). The numbers n G N and 
to € {— {r/2Y , 0) being fixed, we consider the following two cases: either 

^ j^^n{vW di^l (to) >0 (5.15) 



dt 

or 



j^{J^^n{vWdi^{to)<Q. (5.16) 

In both cases we may assume that 1^ > a, otherwise the proposition be- 
comes trivial. 

Assume that ()5.15p holds. Then it follows from ()5.12p that 

j^^l{v{xM))ipP{x,to)d^i{x)<C\xi{^^ . (5.17) 
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We bound this expression from below by integrating on the smaher set 

[v{x,to) < kn+i] n B, 

on which 



23 



^n{v) > hi 



1 + 6 
25 



Therefore 



In 



1 + ^ 
26 



JBnlvix, 



to)<fc„+i)] 



< 



/ ^l{v{x,to))(pP{x,to)dfi{:. 
Jb 



From this, (|5T7D and (|5ia . 

Yn+i <e + C 
We choose e = a/2 and 6 so smah that 

C Inll 

i.e.. 



In 



i-p 



i-p 



a 

^2' 



6 < exp (-(2C/a)i/(P-i)) G (0,2^(^+2)) 



and the proposition is proved assuming (|5.15p holds. 
Assume now ()5.16p holds true and define 

:= sup |t G (- (r/2f , to) : J^£^niv{x, t))ipP{x, t) dfi > 

Rewriting 



{v(x,tt)-kn)- 



p-i 



Fubini's theorem yields 

f ^n{v{x,to))ipP{x,to) dfJ.{x) 
JB 

< f $„(i;(x,t*))(/?P(x,t*) d/i(x) 
Jb 

"1 {6^uj,)^-P _ I f 



»1 



dc 



di 



p-i 



(i + <5-0 



p-l ' 



(5.18) 



{1 + 6-0^ 



LOi£,<(v(x,t,)~kn) - ] 



ipP{x, t*) (i/i(x) d^. 
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We next estimate from above the integral inside the parenthesis, for each 
^ € (0, 1). On the one hand, we have, using the definition of Yn, 



i 



Bn[^{k„-tJ.-)<{v{x,t,)~k„)^] 



</ ipP{x,t,)dfl{x) <Yn. 

J Bn[v{x,U)<k„] 

On the other hand, from the definition of and ()5.12p . we first get 

1^ 



^l{v)ipP{x,U)dij{x) <Cln. ^ 

B \0 

and then, integrating over the smaher set 

B n [{v{x, U) - kn)- > i{kn - /U")] 

we obtain 

-f LpP{x,U) diJL{x) 

J Bc^[(v{x,u)-k„)->i{kn-^JL-)\ 

'i\ r. / 1 + 5 



< Cln 



because in this set 



In 



hr , 

1 + 5 



Then, for all ^ G (0, 1) 

£ 



-Bn[5(fc„-At. )<{v-kn)-] 

< min < Yn, C In 



i + <5-e 



In 



Let S,* be such that Y^ = Cln (|) 
:=(1 + 5) ^1 -exp 
<(1 + 5) f 1 - exp 



In 



1+^ 



2C, /I 
In 

a 



1 + 5 

-p 

, i.e., 

i/p\ \ 



l/p^ 



CTq. 



Here we have used the fact that Yn > a > a/2. 

We will now make an auxiliary assumption: defining 5i = 5i{C,a) via 



In 



1 + 5, 



P 2C/1 
= — m 

a 



for which the root 5i clearly exists since p > 1, we obtain 

< 5 < min{l/4,5i} ^> o-q < 1. 
From now on, we assume that (|5.19p holds. 



(5.19) 
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Cln 



For < < ^* < 1 we have 

1 

and for ^* < ^ < 1, 

Cln ' ^ 



In 



In 



1 + 
1 + 5-^ 



>Yr, 



<Yn. 



(5.20) 



Now we are ready to bound the right hand side of (|5.18|) : 
"1 {6^ujif-P 



{l + S-O" 
< 



+ 



+ Cln 



1 /Xn,.,A2-P 



In 



1 {6^UJ,f-^Yn f C (I 



1 + 5 
l + 6-i 



-\ -p 



In 



1 + 6 
l + 6-C 



di. 



Our next goal is to obtain an estimate from below, independent of 1^, for 
the second integral on the right hand side of this inequality. Recalling ()5.20p , 
we have 
'■I 



1 



, {i + 6-iY-^ 



Yr,. \6 



In 



1 + 
l + 6-i 



di 



> 



1 



+ 

C, /I 



a V d 



In 



a (5 
1 + -5 - 0-0 



In 



1 + 

1 + 



1 



(1 + 5 - e)^ 



-di 



1 



1 



and thus 

"1 ((5"a;-^2-p 



--de 

p— 1 ^ 



+ yBn[(fc„-Atr)?<(«(a;,t.)-fcn)- 



< 



fcro 1 1 1 \ 



(1 + 5-6 
holds. Therefore, we obtain 



/ ^n{v{x,tQ))ipP{x,tQ)dlJL{x) 

Jb 



< 



[(1 + (5)(5"a;, 
(2-p) 



n, ,.l2— p 



(1 + ,5 - apf-P + 6^-P 
2(1 + 6Y-P 



Yr,.. 
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To estimate the left hand side of this inequahty from below we integrate 
over the smaller set B n [v{-,to) < kn+i] to get, using (j5.14p . 



Jb 



>f <^n{v{x,to))(pP{x,to)dfl{x) 

I Bn[v{x,to)<k„+i] 

> <Pn{kn+l){Yn+l - e). 



Since 



[(l + 5)(fc„-;,r)-^] 



p-1 



_ [(l + ^),5"a;,] 
{2-p) 

and e is arbitrary in (0, f ), we obtain 
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TTs 



2-pN 



where 



a 



Yn+l < aYn 



{l+5-aoy^-P+5'^-P 
2(l+<5)2-P 



1 



2<5 
1+5 



2-p 



We shall next find an upper bound for a which stays stable as p 2. To 
start with, by the very definition of ao, 



(1 + 5- ao)^-P 
(l + 5)2-P 

Since p > I, the equation 



exp 



2C 



a \d2 



In 



— In I - 

a 



1 + 62 



l/pN 



2-p 



has a solution 62 € (0, l/(8e — 1)), depending only on the data and a, that 
remains stable as p t 2. We have, for 5 < min{5i, = S2, 



2C 



a 



In 



< 



In 



1 + 5 



IP 



leading first to 



exp 



a 



1 i/p^ 



2-p 



< 



l + <5 



2-p 



which implies 



(1 + 6- aof- P 

(1 + s)2-p 



< 



l + S 



2-p 
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and therefore also to 



1 



2-(tS) 



2-p 



8 
1+5 



2-p- 



2-p 



25 



2-p 



-2 



2 - 4?-P - 2P 



Applying the mean value theorem to the functions f{x) = 2 — 4^ — 2 ^ and 
g{x) = 1 — {j^Y, in the interval [0, 2 — p], we obtain 



25 

_ 1 

~ 2 



2-p 



2 - 4?-P - 2P-2 
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TT5 



2-p 



(2-p) [ln(4)4''i - ln(2)2 



-sil 



2 In 



25 
'l + ~5 



n -1 



{2-p) 
25 



1 + 5 



In 

2-p-S2 



25 
1+5 



25 



S2 



1+5^ 

[ln(4)4"i - ln(2)2-"i] , 



for some si,S2 € [0,2 - p]. But since ln(4)4*i - ln(2)2-^i > ln(2), for all 
si > 0, we conclude with the estimate 

-1 / niT \ 2-p 

ln(2) =: (7 < 1. 



a <1 + 



2 In 



2(5 



1 + 5 



2(5 



1 + 5 



The parameters 5, (T G (0, 1), chosen in this way, depend only on the data 
and a, and they are stable as p^ 2. This completes the proof. □ 

We now prove the crucial result towards the expansion to a full cylinder 
in space. 

Lemma 5.3. For every a G (0, 1), there exists a positive number 5* G 
(0,2-(^+2)), that can be determined a priori only in terms of the data, a, 
and X, such that 

fi {{x G B{x, Acir) : v{x, t) < fi^ + 5*coi}) < a/j, {B{x, 4cjr)) , 

for all time levels t e [- (r/4)^ , 0] . 

Proof. Recall the definition 

Yr,= 



sup + (pP{x,t) dijL{x). 

-{r/2)P<t<oJ B{x,8cir)n[v{x,t)<kn] 



Let a > be arbitrary and take ai < a/Do, where Dq is the doubling 
constant. By the previous proposition, we can find 5, a € (0, 1) such that 
either 1^ < ai or Yn+i < maxjai; cri^}. Iterating, we obtain 

y„ < max{Q;i,(7"Fo}, n = 0,1,2,.... 
Since Yq < 1, we have 

Yn < max{ai,(7"}. 
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Take n = uq G N to be the smallest integer satisfying the condition 0""° < ai; 
then 

y-no < max{ai,cr"°} < ai. 
On the other hand, we also obtain 

e B{x,Acir) : v{x,t) < knp}) 
" /i(S(x,8Qr)) 
for all t € [— (r/4)^ , 0]. Therefore, 

//({x € B{x,4:Cir) : v{x,t) < < aiDofi{B{x,4:Cir)) 

< afi{B{x,4:Cir)), 

for ah t e[- [r/AY , 0], and the lemma follows with 5* = 5^°. □ 

We are now in a position to prove the main result of this section. 

Proposition 5.4. Assume that (j5.9p holds for some x € -6(0, Cjr). There 
exists a positive number a G (3/4,1), depending only on the data and X, 
such that 

v{x, t) > ^~ + (1 - a)ui, for a.e. (x, t) £ Q ((r/8)^ , Qr) . 

Proof. Let a € (0, 1) and let 6* be as in Lemma 15.31 chosen so that 

H {{x G B{x, Acir) : v{x, t) < fi~ + 5*UJi}) < a^i {B{x, 4cir)) 

holds for all time levels t € [— {r/ 4)^ , 0] . Our next goal is to apply Lemma] 
(see also Remark 13. 8|) for the choices 

/ ,,. \{p-2)/p 

and 

7 - - A 1 

kr, = M,- H 1 H 

n h^i ' 2 V 2" 
Observe that, due to (15.31). the term 



is bounded above and below, for a constant depending only on the data and 
A. In particular, the constant is independent of 6* , a crucial fact in order to 
avoid vicious circles. Letting 

f e (-4-P(l - {6*f-P)rP,0] , 

Corollarv 13.71 and Lemma 15.31 implv. by choosing a = a{data,X) small 
enough, that 

v{x,t) > fi- + for a.e {x,t) (£ B{x,2cir) x {t* - -f^ {r/'^Y ,t*). 

Observe carefully that the choice of a also fixes 5*, and hence 5* depends 
only on the data and A. Since t* above is arbitrary, the result now follows 
with 0- = 1 - 5*/4. □ 

As a consequence, we may rephrase the conclusion of the first alternative 
in the following way. Here we shall also apply ()5.4p and return to the bar in 
the notation. 
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Corollary 5.5. Assume (j3.5p is in force and suppose that ()5.7|) holds for 
some X G B(0,Cir). Then there exist 5ii,aii G (0,1), both depending only 
on the data and A, such that 

essosc V < aijuji. 

Qi{SiiRi+i)P,Ci+i5iiRi+i) 

5.2. Analysis of the second alternative. Now we analyze the second 
alternative. Assume (|5.8p holds for all cylinders Qx,o {r^^dir). Since 

+ "^i - , 



<(l-ao), (5.21) 



we can rephrase (|5.8p as 

V ((x, t) £ (g-r,o (rP, d^r) : f (x, t) > ^+ - ^j/2) 
i/(Q (rP,(iir)) 

for all cylinders Qxfi {fP,dir) such that x G 5(0, Qr). In particular, we 
deduce that there exists a time level t* = t*(x), t* G (— r^, — (ao/2)r^), such 
that 

{{x G B(x, dir) : z;(x, t*) > //+ - L^i/2}) ^ / 1 - ap \ ^2) 



^{B{x,dir)) Vl-«o/2, 
In fact, if ()5.22p is violated for all t G {—r'P, —{ao/2)r'P), we would get 
u {{{x,t) G Qs.o {r^,d^r) : v{x,t) > fif -uJi/2}) 

> / fi {{x e B{x,dir) : v{x,t) > fif - uJt/2]) dt 

J —rP 

> {l-aoHQ{rP,d,r)), 

which contradicts (j5.2ip . 

The next lemma asserts that a similar property still holds for all time 
levels in an interval up to the origin. We shall now fix the number s in the 
definition of dj. 

Lemma 5.6. There exists s, depending only upon the data, such that 
n{{x e B{x,dir) : v{x,t) > nf - 2-''uji}) ^ / oq 



fi{B{x,dir)) V 4 

for all X G B{0,Cir) and for almost every t G ( — (ao/2)?^^, 0). 

Proof. Let 



and set Q := Q{rP,dir) and B := B{x,dir). Our aim is to use Lemma [37 
to forward the information in time. 
Recall the definition 

S + H+-{v-k) 
On the one hand, since {v — k)-^- < u:i/2 = , we have 



i^+{v) = ^{H+,{v-kU,c)=ln-^ 
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on the other hand, in the set 

{v > /i+ - 2~'uJi}, 

we get 

V'+W > In f — -) = - 2)ln2. 
The last estimate we need is 

Now let <p G C^{B) be a cutoff function which is independent of time 
and has the properties < 99 < 1, (/9 = 1 in (1 — 6)B and |V(^| < {5dir)~^, 
where < 5 < 1 is to be determined later. 

Apply Lemma 13.41 with these choices to conclude 

{s - 2f{ln2ffi{{x G (1 - 6)B : v{x,t) > fi+ - 2-'uj,}) 
t*<t<o Jb 



< / ^pliv)ix,t*)ipPix)d^i 



B 

+ C f [ v^-Pi^+{vm+nv)\^-P\V^\Pdf,dt 
Jt* Jb 

< (s - l)nn^(2)-±p2-,(B) + C<i^ili!ilMB), 

1 - (ao/2) dP 

for almost every t G {t* (x), 0), where C depends only upon the data. Observe 
that in the third inequality we have used (|5.22p and (|5.3p . 
Now, by the annular decay property ()2.2p . we have 

fi{{x £ B : v{x,t) > fif -2~''uJi}) 

< fi{B \ (1 - 5)B) + fi{{x € (1 - 5)B) : v{x, t) > fif - 2-'u;i}) 

<C6''fi{B) + ij{{x e {l-6)B) : v{x,t) > f^f - 2-'ui}). 

For the first term, we choose 6 small enough so that 

^'^ <24 

and for the second term we use the previous estimate. Indeed, by choosing 
s large enough so that 

1 - ap {s - 1)^ < ]^ _ ^ 
1 - (ao/2) {s - 2)2 - 3 

and 

C(s - 1) ^ oo 



{ln2)6P{s - 2)2 - 24 
hold, we get the claim for almost every t G (— (ao/2)rP, 0) C {t*{x),0). □ 

The information of Lemma [5.6l will be used to show that in a small cylinder 
about the origin, the solution v is strictly bounded above by /u^ — 2~™'Wj, 
for some m > s. We shall also fix A, which enters the definition of Cj, 
determining in this process the size of Q {rP,Cir). 
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To simplify the notation, from now on we denote (3 = 

Lemma 5.7. For every ai € (0,1), there exists m> s, depending only on 
the data and a\, such that 

y e Qx,o(/3rP,d^r) : v{x,t) > 4 - l^'^Ui]) ^ 

i^iQxfi{l3rP,dir)) 

for all X G -6(0, Qr). 
Proof. Let 

En{t) = {x G B{x, dir) : v{x, t) > ^+ - 2""a;i} 

and 

En = {{x,t) G Qs,o{^rP,dir) : v{x,t) > ^ " 2""a;i}. 

Denote 
and 

where n > s will be chosen large. Here s is as in Lemma 15.61 Denote 
aB = B{x,adir) and aQ = aB x {—P{ar)P,0), a > 0. Let also 

h — k, V > h, 
w = ■{ V — k, k < V < h, 
0, v<k. 

By Lemma 15.61 and the fact that n > s, we have 

fj,{xeB : w{x,t) = 0}) = fi{{x G B : v{x,t) < k}) > ^KB), 

for almost every t G ( — /3rP,0). Thus, for almost every t G ( — /Sr^, O) , we 
obtain 

WBit) = -f Wdfl< (l-^){h-k) 

JBx{t} ^ 4 / 

and, consequently, 

h-k-WB(,t) > ^{h-k). 

Using the {q, (7)-Poincare inequality for some q < p (see ()2.3p and the 
subsequent remarks), yields 

ih-kyfliEn+l{t))< ( — Y [ \w-WB{t)\Un 
V«0/ JBx{t} 

<C{dirY f \Vw\Ufi = C{diry [ \Vv\'^ d^l, 

for almost every t G ( — /3rP,0). The constant (4/00)"^ above was absorbed 
into the constant C. Now we integrate the above inequality over time to get 



{h - kfv{En+i) < C{d^rf / |Vf dv. 

J En\En + l 
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Next, we introduce a cutoff function ip € C°°{2Q) such that < (/? < 1, 
if = 1 m. Q, if vanishes on the parabohc boundary of 2Q, and 

Now, Holder's inequahty gives 
{h - kyy{En+i) 

\ <i/p 



\J En\En-\-l j 



1-q/p 



<C\{d,rY [ |V(^-A:)+|V^^) HEn\ En+i)'-"/^. 

\ JQ{2(5rP,2d,r) J 

Since n > s, the first factor on the right hand side can be estimated by 
Lemma 13.31 as 



\V{v-k)+\P^du 

2Q 

<C [ {v-k)l\V^\Pdu + C{^,r)P-' [ iv-k)l(^ 

In the last inequality we have used the doubling property of the measure v, 
together with the estimate 



. , 2 n 



.2"/ - V2*/t^r/ ^2"7 V2". 
We obtain 

Finally, summing n over s, . . . ,m — 1, gives 

(m - sMEmf/^P-"^ < Cv {Qy/^P-"^ V (Q) = Cu {Qf^P-'^^ , 
and hence 

Choosing m large enough finishes the proof. □ 

We now cover Q{l3rP , Civ) with smaller cylinders Q (/3r^, dir) to obtain the 
next result. 

Corollary 5.8. For every a2 G (0,1), there exists m > 1, depending only 
on the data and a^, such that 

u{{{x,t) GQ{/3rP,c^r) : v{x,t) > 4 - 2-'^UJ^}) 



i^{Q{f3rP,Cir)) 



< a2- 
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Proof. Take a dense subset {xj} of i?(0, Qr) and let Bj := B{xj,dir/5). By 
Vitali's covering theorem, we find disjoint balls {Bj^,}i^^j^ such that 



B{0,Cir) C IJ 



jk- 

keN 

Let Qk ■= 5Bji^ X (— /3rP,0). By Lemma 15.71 with ai = DQ'^a2, we have 
{{{x,t) G Qfc : v{x,t) >fit- 2-"'uji}) < D^^a2v{Qk), 

for a suitably large m, independent of A;. It follows that 

v{{{x,t)eQ{l3rP,Cir) : v{x,t) > 4 - l-'^Ui]) 
<v{{{x,t) (^UkQk ■■ v{x,t)> ^lt -2-'^uji}) 

< G Qfc : v{x,t)> 4 -2-'^u:i}) 
k 

<D^^a2Y,v{Qk) 

k 

<D,^a2Y,^{Bjk^i-Pr''M 

k 

< DQ'a2u{B{0,2c^r) x (-/3rf,0)) , 

<a2i^{Q (/3rP,Qr)), 

where we have used the doubling property of fi repeatedly. The estimate 
concludes the proof. □ 

Proposition 5.9. Assume that (|5.8|) holds for all x G i?(0, Qr). There 
exists a positive number a G (0, 1), depending only on the data, such that 

v{x, t) < fif - (1 - a)uji, for a.e. {x, t) e Q {r/2f , Qr/2) . 

Proof. As in the conclusion of the First Alternative, we shall apply Corol- 
lary 13.71 (see also Remark I3.8p . Choose the parameters 

where m > 1 is the number obtained in the previous corollary. Define 

+ _ , £+Wi / 1 

and put X = m. Due to ()5.3p . the quantity 

(7i+)^ f K Y-'_ 2 f K Y-'_ 2 (kt^^-' 



is bounded above and below, for a constant depending only on the data. 
Therefore, Corollary 13.71 is applicable and making use of Corollary 15.81 the 
result follows by choosing a = 1 — 2^™^^. □ 

We now fix the size of the cylinder and finish the analysis of the Second 
Alternative, redefining 

A = max{log2(2i7 + 1), m}. (5.23) 
The choice trivially satisfies (j5.5p . 
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Combining the above Proposition with (j5.4p and returning to the bar in 
the notation, we obtain the next result. 

Corollary 5.10. Suppose that the Second Alternative holds. Then there are 
positive numbers 6iii,aiii € (0,1), both depending only on the data, such 
that 

essosc V < aiiiu)i. 

We finally prove the Holder continuity of u. Theorem 12. 5 1 is an immediate 
consequence of the following theorem. 

Theorem 5.11. Suppose that u is a nonnegative weak solution of equa- 
tion p.ip in Qx^tiR^,R)- Then there are positive constants C and a, both 
depending only on the data, such that 

— I ess sup u 

for all < g < R. The constants are stable as p t 2. 

Proof. After translation, we may assume that {x,t) = (0,0). We shall com- 
bine Corollaries 14. 3| [531 and [5.101 Indeed, take 6 := mm{di, 5jj,5jjj} and 
a := max{(T/, (7//, o"///}. Then, we have 



and 



ess osc u < uJi := ct*wo, i = 0, 1, . . . , 



essosc f < CJ* ^''Win, i > Zq. 

Q({5'_R)P,c,_i5'_R) 



Observe that, since p < 2, we have 



In view of the mean value theorem and (|5.ip . this implies 

i+l) 



essosc u <{l4+,f'^^-^^ - ifil^.f'^^-'^ 



Q{{5^+^R)P,c,Si+^R) 

< 



<-l^(A+)(^-^)/(^"^V--+i^., 

/ + \ 2-P 

20 



<Ca'+^ujo = Cuji+i. 

for all i > io, with C depending only on the data. But since q > 1 (recall 
the choice of A in (j5.23p and ()5.6p ) we finally obtain 

essosc u<Ca^uJo, z = 0,1,2,.... 

Q({5*R)P,5'R) 

From this, the result follows in a standard way (cf. [21[T7]). □ 
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